In this paper a micromechanics approach is presented for determining the effective elastic properties of single-walled carbon nanotube (SWCNT) reinforced composites, while accounting for imperfect bonding in the matrix-inclusion interface. For this purpose, a linear spring layer of vanishing thickness is introduced to represent the interface. Furthermore, the well known Mori-Tanaka (MT) method, in conjunction with the Eshelby's tensor, is modified to determine the effective elastic properties. The inclusions are considered to be either perfectly aligned infinite long cylinders or aligned ellipsoidal inclusions with a given aspect ratio; cases of perfect alignment or of randomly oriented fibers are treated. The numerical results show that the interface weakening influences the nanocomposite properties significantly only for high values of SWCNT volume fraction. Since most of the currently conducted experiments involve composites which contain small volume fractions, it is thus reasonable based on the findings of this paper to assume perfect bonding for low nanotube volumetric contents.
Introduction
Since the discovery of carbon nanotubes [Iijima 1991 ], single-walled CNTs have attracted increasing scientific interest because of their exceptional mechanical, electrical, and thermal properties. Experimental and theoretical results have shown that the Young's moduli of SWCNTs are approximately 1 TPa depending on diameter size and chirality [Popov et al. 2000; Yakobson et al. 1996; ]. Despite these properties, several researchers have reported experiments with modest improvement in the strength and stiffness of polymer nanocomposites (PNC) [Qian et al. 2002; Ajayan et al. 2000] . On the other hand, some others have obtained a substantial increase in the effective properties as shown in Table 1 on the next page. Researchers claim that alignment, dispersion, geometry, and load transfer properties are parameters that could significantly affect the final properties of PNCs [Chen and Tao 2006; Namilae and Chandra 2005] .
Several techniques for modeling PNCs have been reported in the open literature. have used molecular dynamics (MD) to obtain stress-strain curves of SWCNTs embedded in a polyethylene matrix; the interface has been simulated by nonbonding van der Waals interactions using the Lennard-Jones potential. has presented an equivalent-continuum method to obtain an effective continuum fiber that includes interface interaction. Seidel and Lagoudas [2006] have obtained effective continuum fiber properties using a composite cylinder micromechanics approach that can be applied to SWCNT or multiwalled carbon nanotubes (MWCNT). They have used these properties Keywords: nanocomposites, carbon nanotubes, modeling, imperfect bonding, Mori-Tanaka. 
Neat epoxy 2.02 ± .078 83 ± 3.3 6.5 ± 0.17 --Epoxy + 1 wt.% Bucky Pearl SWNT 2.12 ± .093 80 ± 4.1 5.8 ± 0.33 random Epoxy + 1 wt.% functionalized 2.65 ± .125 104 ± 3.7 8.5 ± 0.72 random Epoxy + 4 wt.% functionalized 3.4 ± .253 102 ± 5.4 5.5 ± 0.21 random TPU 7.7 ± 1 12.4 ± 4.5 852 ± 130 --TPU + 0.5 wt.% SWNT 14.5 ± 3.4 13.3 ± 4 709 ± 160 aligned Table 1 . Some experimental mechanical properties of polymer nanocomposites. See [Zhu et al. 2004] for the first four rows and [Chen and Tao 2006] for the last two.
with the self consistent (SC), MT and finite element method (FEM) to determine the effective properties for aligned and randomly oriented perfectly bonded inclusions. In that work, an attempt to account for imperfect bonding has been made by using interphase regions involving a multilayer composite cylinder approach requiring the specification of elastic properties and thickness for the interphase layer. Song and Youn [2006] have investigated the effective properties using the asymptotic expansion homogenization method where again perfect interfacial bonding has been assumed. Liu and Chen [2003] have implemented a three dimensional representative volume element (RVE) and have used FEM to obtain effective mechanical properties; in this work perfect bonding between matrix and inclusion has also been assumed. Li and Chou [2003] have adopted a structural mechanics approach to obtain effective properties of cylindrical nanocomposites RVEs in which they have used nonlinear trusses to simulate nonbonding interactions along the interface. Namilae and Chandra [2005] have also discussed the problem of nonperfect bonding. They have developed a multiscale model introducing a constitutive behavior to the interface by means of cohesive zone models. They have used MD to obtain traction-displacement relations and have then implemented them in a numerical scheme using two dimensional axysymmetric FEM and cohesive zone elements for the interface. Despite this sophisticated model, final effective properties strongly depend on RVE dimensions for finite nanotube lengths. In this paper, a micromechanics model for determining the effective properties of PNCs is presented. The model accounts for imperfect bonding between the matrix and the fiber. For this purpose, a spring layer of finite stiffness but of negligible thickness is introduced in the inclusion model. The layer produces continuous interfacial tractions but discontinuous displacements. The introduction of imperfect interfaces necessitates modified expressions for the Eshelby tensor [1957] , which is used in conjunction with the MT method for composites [Qiu and Weng 1990] . In this modified MT approach, the properties of the fiber are derived using a composite cylinder concept [Seidel and Lagoudas 2006] . Results are presented for composites with infinite cylinders and ellipsoidal shape fibers which are either aligned or randomly oriented in the matrix.
The original Mori-Tanaka concept
Recently, the original MT approach has been used by several authors to estimate the mechanical properties of nanocomposites [Odegard et al. 2003; Seidel and Lagoudas 2006] . Specifically, interest has been focused on the calculation of the effective elastic properties of a two phase composite where the inclusion phase is either aligned or randomly oriented. In this section, a review of the derivation of the MT equations is presented first towards accounting for the effect of imperfect bonding between the matrix and the inclusion; obviously this is done towards facilitating the elucidation of the herein adopted procedure, without claiming conceptual novelty.
Assume that the analyzed composite comprises two phases. The matrix is considered to be isotropic and linearly elastic with stiffness tensor L 0 and volume fraction c 0 . Strictly speaking, the stiffness matrix relates the strains with the stresses they produce by the generalized Hooke's law
In a similar way, the inclusion phase is assumed to have ellipsoidal shape and its material is considered to be transversely isotropic with stiffness tensor L 1 and volume fraction c 1 . Throughout this section explicit tensor notation will be omitted for clarity unless needed.
Consider the two configurations shown in Figure 1 . These represent the composite material and the comparison material where the properties of the later are those of the matrix. If displacements are specified at the boundary to produce a uniform strain in both materials (ε a ), the average stress of the composite (σ ) and that in the comparison material (σ 0 ) areσ = Lε a andσ 0 = L 0 ε a , where L is the effective stiffness tensor of the composite and an overscore represents volume average.
The presence of the inclusions causes the strain field in the matrix to be nonuniform. Thus, the average strain in the matrix is in this case represented by the equationε 0 = ε a +ε pt 0 . The same change happens to the inclusion phase; the strain is perturbed from that of the matrix and is quantified as
Using the equivalent inclusion method developed in [Eshelby 1957 ], a relation between the inhomogeneous inclusion problem (Figure 1 , left) and the homogeneous inclusion problem (Figure 1 , right) can be pursuit. In other words, the properties of the inclusion can be related to the properties of the matrix by the equationσ
where ε * is the inclusion eigenstrain. Eshelby [1957] demonstrated that this eigenstrain is related to the inclusion perturbation strain by the equation
where the tensor S is well known as the Eshelby's tensor; expressions for cylindrical and ellipsoidal inclusions used herein can be found in references such as [Qiu and Weng 1990; Nemat-Nasser and Hori 1998 ]. Next, solving for ε * in (2). The expression for the eigenstrain in terms of the average strain in the inclusion is found to be
Substituting (4) into (1) and making use of (3), the dilute strain concentration tensor A dil is found. This tensor relates the average strain in the inclusion with the average strain in the matrix and is given bȳ
where I is the fourth-order identity tensor.
The relationship between the fiber and matrix strain averages and the overall strain average (ε a ) can be established by the use of the total volume average. That is,
By substituting (5) into (6), the strain concentration tensor of the matrix ( A 0 ) is obtained. This quantity relates the applied strain with the average strain in the matrix by the equation
To derive the expression for the effective elastic moduli, the key assumption in the MT method is introduced. That is, when identical particles are introduced in the composite, the average strain in the inclusion is related to the average strain in the matrix by the dilute strain concentration tensor
This means, that to account for inclusion interaction, the applied strain that each inclusion feels is the average strain in the matrix. Substituting (7) into (8), the nondilute strain concentration tensor is obtained ( A ndil ). This tensor relates the applied strain to the average strain in the inclusion by the equation
Finally, to find the overall effective stiffness tensor for aligned inclusions, a similar expression as in (6) is used but for the case of stresses this isσ
where substitution of Hooke's law in (10) gives
Solving for L and using (7) and (9), the final expression for the effective stiffness tensor of the MT estimate is obtained as
This is the equation to implement the MT method for an aligned two phase composite. It is also of interest to derive a MT estimate when the inclusions are randomly oriented inside the matrix. To this aim, the effective composite stiffness tensor will be determined using the orientational average of the pertinent properties. The difference between the aligned and the randomly oriented inclusions lies in that for the latter case the relation (6) becomes
where the brackets {·} designate the average over all possible orientations [Qiu and Weng 1990] . Similarly,
becomesσ
Finally, combining (12) and (13), the expression for the MT estimate for the case of randomly oriented inclusions is obtained as
which is similar to the expression for the case of aligned inclusions, except for those appropriate averaged quantities. Clearly, the MT approach can be used as a tool for deriving an effective stiffness tensor for the composite material. Specific studies regarding the MT method have been previously presented [Qiu and Weng 1990; Tucker and Liang 1999; Schjødt-Thomsen and Pyrz 2001; Benveniste 1987; Wang and Pyrz 2004] .
Mori-Tanaka approach for composites with slightly weakened interfaces
In a model developed by Qu [1993] in conjunction with generic composite materials mechanics, imperfection in the interface can be introduced by using a layer of insignificant thickness in which tractions remain continuous and displacements become discontinuous. The equations that model the interfacial traction continuity and the displacement jump ( u i ) at the interface can be written as
and
respectively. In (15) and (16), S and n represent the interface and its unit outward normal vector, respectively. The terms u(S + ) and u(S − ) are the values of the displacements when approaching from outside and inside of the inclusion respectively. The second order tensor, η i j , accounts for the compliance of the spring layer. It is obvious that when the tensor η i j tends to zero (infinite stiffness), the displacement jump is zero and continuity in displacements are recovered. This tensor is chosen to be symmetric and positive definite and can be expressed in the form
where n i is the normal outward vector and δ i j is the Kronecker delta.
It is important to address the physical meaning of the parameters α and β. To define these terms more completely, an example is presented. Consider a two dimensional plane where a horizontal surface divides the matrix and the inclusion material (see Figure 2) . The unit outward normal vector n is pointing in the vertical direction. Performing summation over dummy indexes in (16), the displacement jumps in direction 1 and 2 are u 1 = η 11 σ 11 n 1 + η 11 σ 12 n 2 + η 12 σ 21 n 1 + η 12 σ 22 n 2 , u 2 = η 21 σ 11 n 1 + η 21 σ 12 n 2 + η 22 σ 21 n 1 + η 22 σ 22 n 2 .
Because the outward normal vector is in the vertical direction, n 1 = 0 and n 2 = 1. Using these values, (18) reduces to
In a similar manner and also making use of the Kronecker delta properties, (17) is used to generate the four required elements in (19). That is,
Substituting (20) into (19), the displacement jumps in direction 1 and 2 are
It is clear in (21) that α and β are parameters that represent the compliance in the tangential and normal directions respectively as shown in Figure 2 . Furthermore, setting the parameter β to zero (infinite stiffness in the normal direction) prevents material interpenetration. After introducing the imperfect interface into the equivalent inclusion method, Qu found a modified expression for the Eshelby's tensor, for the case of ellipsoidal inclusions with slightly weakened interfaces. The new expression is written as
where S i jkl is the original Eshelby's tensor and L i jkl is the matrix stiffness tensor. The second term in the right hand side of (22) is produced due to the introduction of the weakened interface, where the tensor Figure 2 . Physical meaning of parameters α and β in the compliance tensor η i j .
H is given by the equation
expressions for tensor P and Q are given in the Appendix. Once the modified Eshelby's tensor has been included in the analysis, the modified MT estimate is introduced. Following the same procedure to find (11) and using the result in [Qu 1993 ] for the average strains, the expression for the modified MT estimate for a two phase aligned composite is obtained as
where
In all this new expressions, if the parameters α and β are set to zero, the tensor H vanishes and equations (22), (23), and (24) reduce to the original MT expression shown in (11). It is worth mentioning that the expression for the effective elastic properties in (23) is length dependent, in contrast to the original MT which is aspect ratio dependent. When the inclusions are randomly oriented inside the matrix, determination of the effective elastic properties can be obtained following the same procedure as in (14) . Using the result found in [Qu 1993] for the total average strain, the MT expression with slightly weakened interfaces for the case of randomly oriented inclusions is
Likewise, if the parameters α and β are set to zero, the tensor H vanishes and (25) reduce to the original MT expression shown in (14). Similar studies have been reported for the case of inclusions with specific shape and material properties [Benveniste and Aboudi 1984; Benveniste 1985; Hashin 1991] .
Implementation of the Mori-Tanaka estimate
As stated in the previous sections, to obtain effective elastic properties by means of the MT method it is necessary to use fourth-order tensor operations. To avoid the complexity that this task involves, the notation originally developed in [Walpole 1981 ] and used later in [Qiu and Weng 1990; Wang and Pyrz 2004] will be used. In this notation, a general symmetric fourth-order tensor can be represented by the equation
where the quantities k, l, l , n, m and p are related to the fourth-order tensor elements by the equation
in which for the case of a transversely isotropic stiffness tensor, the quantities l and l are identical. An isotropic stiffness tensor can also be represented using this notation and the aforementioned quantities are defined as
where K and µ are the bulk modulus and the shear modulus, respectively. Thus, whenever a fourthorder tensor is expressed using this notation, algebraic operations of this kind of tensor can be easily performed.
The expression for the MT estimate requires the use of tensor inner products. The computation of the inner product of the two tensors A = (c, g, h, d, e, f ) and B = (c , g , h , d , e , f ) is given by the equation
Besides inner products, tensor inversion is also required by the MT estimate. The inverse operation of tensor A, denoted by A −1 , satisfies the equation
where I is the identity tensor. If this tensor is expressed as I = (1, 0, 0, 1, 1, 1), it follows from (28) and (29) that
As shown in (14), when the inclusions in the composite are randomly oriented within the matrix, certain quantities require to be averaged over all possible directions. The result of this operation is a naturally isotropic tensor. Only two properties are required to fully define the tensor. For the case of tensor L in (26), the isotropic bulk and shear modulus are calculated as
. Once these two quantities are obtained, one can form the new isotropic tensor by using the expressions in (27).
Estimation of nanocomposite effective elastic properties
The modified MT method is applied herein to obtain the effective elastic properties of the composite. Fiber and matrix material properties (for all cases in this paper) are identical to those shown in Table 2 .
The work done in [Namilae and Chandra 2005] was used to obtain reasonable values for the parameter α, they used molecular dynamics to perform a fiber pull out test. Three values for the parameter α are chosen for all cases in this section (0, 0.01, and 0.05 nm/GPa) and β is set to zero to prevent material interpenetration. In this section, computations of composites with aligned inclusions and those with randomly oriented fibers are presented.
Effective carbon nanotubes E 11 = 704 GPa ν 12 = 0.14 E 22 = 345 GPa ν 23 = 0.37 µ 12 = 227 GPa φ = 1.7 nm Table 2 . Input data for effective properties computations. From [Seidel and Lagoudas 2006] . Aligned SWCNT composites. It is known that for the case of isotropic matrices and aligned transversely isotropic inclusions, the resulting overall properties are also transversely isotropic. Five independent elastic properties fully describe the behavior of this type of materials. The modified MT method is applied and the computations assume aligned infinitely long nanotubes. The results shown in Figure 3 are for the effective axial modulus. No effect of weakened interfaces is observed as expected and the behavior is that of the rule of mixtures. Figure 4 shows how interface properties impact the transverse modulus; it is slightly affected for almost the entire range of volume fractions but it is significantly reduced for values greater than 0.8. For the axial and transverse shear moduli similar behavior is found (see Figure 5 ). An important result of introducing imperfect interfaces in the model is that composite properties do not converge to nanotube properties when the volume fraction approaches 1, as can be seen in Figure 4 and Figure 5 . This can be expected as the fiber material is no longer homogeneous; it is affected by the presence of the negligible layer with displacement discontinuities. Another important aspect of the effective nanocomposite properties computation is to study the impact of inclusion aspect ratio (length/diameter) when the fibers are not considered infinitely long. Calculations of this type of composite can be conducted using the modified Eshelby's tensor for ellipsoidal inclusions. Expressions for the computation of required tensors are shown in the Appendix, in which numerical integration is used due to the complex terms generated. Figure 6 captures the impact of the parameter α on the calculation of the axial and transverse effective modulus. These results are for the specific case of a nanotube diameter of 1.7 nm and an aspect ratio of 50. Similarly to the case of infinitely long nanotubes, the transverse modulus is affected more than the axial modulus by the presence of imperfect bonding. And, in this case, aspect ratio starts to slightly affect the axial modulus as it does not follow the rule of mixtures anymore.
Randomly oriented SWCNT composites. Next, the properties of SWCNT composites with randomly oriented cylindrical and ellipsoidal fibers are calculated assuming nanotubes have good dispersion in the matrix. The final elastic properties for both types of inclusions are fully isotropic because they are obtained from an average over all possible orientations [Qiu and Weng 1990] . Figure 7 shows the effective modulus of randomly oriented infinitely long cylinders and ellipsoids respectively. They both have the same type of behavior, but the effective properties predicted for the ellipsoidal inclusions are less than those for the cylindrical inclusions due to the aspect ratio dependence. The impact of introducing imperfect bonding is still more evident for high volume fractions (more than 0.6) as noted in Figure 7 . Finally, Figure 8 provides the result on the effect of aspect ratio and volume fraction in the effective properties of nanocomposites with ellipsoidal randomly oriented inclusions and slightly weakened interfaces (α = 0.05 nm/GPa). As expected, for high values of aspect ratio (more than 200) the behavior of cylindrical inclusions is reached but for values less than 200, effective modulus is highly affected.
Concluding remarks
The effect of introducing imperfect bonding in the calculation of PNC effective properties has been studied in this paper. Effective properties have been computed using a modified MT method to include the effect of the weakened interface. The properties of the effective fiber have been obtained by a composite cylinder method [Seidel and Lagoudas 2006] . Furthermore, three different configurations for the fibers have been considered. First, nanotubes were treated as aligned infinitely long cylinders where bonding imperfection affects only the transverse properties of the composite for high volume fractions values. Second, the nanotubes were treated as ellipsoidal fibers with a given aspect ratio. In this case, both the axial and the transverse properties were affected by the aspect ratio. Once more, the weakened interface became important only for high volume fraction values. Lastly, the cylindrical and the ellipsoidal fibers were treated as randomly oriented fibers. For the cylindrical fibers, the effective properties did not follow the rule of mixtures as in the aligned case, and the weakened interface became significant only at high volume fractions. All of the numerical results reported have shown that interfacial weakening influences the effective nanocomposite properties significantly for high values of SWCNT volume fractions. Since most of the currently conducted experiments involve composites which contain small volume fractions, it is reasonable to assume perfect bonding for low nanotube volumetric contents. Nonetheless, the developed procedure is applicable for assessing the interfacial weakening effect for an arbitrary volume fraction.
The H tensor
The tensor H needed to compute the modified MT estimate can be written as follows with axis 1 as the symmetry axis H i jkl = α P i jkl + (β − α)Q i jkl , where the components of tensors P and Q depend on the inclusion shape and can be obtained using the following expressions: 
